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We investigate the formation of a Bose polaron when a single impurity in a Bose-Einstein con-
densate is quenched from a non-interacting to an attractively interacting state in the vicinity of a
Feshbach resonance. We use a beyond-Fröhlich Hamiltonian to describe both sides of the resonance
and a coherent-state variational ansatz to compute the time evolution of boson density profiles in
position space. We find that on the repulsive side of the Feshbach resonance, the Bose polaron
performs long-lived oscillations, which is surprising given that the two-body problem has only one
bound state coupled to a continuum. They arise due to interference between multiply occupied
bound states and therefore can be only found with many-body approaches such as the coherent-
state ansatz. This is a distinguishing feature of the Bose polaron compared to the Fermi polaron
where the bound state can be occupied only once. We derive an implicit equation for the frequency of
these oscillations and show that it can be approximated by the energy of the two-body bound state.
Finally, we consider an impurity introduced at non-zero velocity and find that, on the repulsive side,
it is periodically slowed down or even arrested before speeding up again.
I. INTRODUCTION
The polaron is a general concept of many-body physics
that naturally arises in different fields like solid state
physics and the theory of ultracold gases. While it has
long been used to describe electrons in a crystal lattice,
only recent experimental advances allowed one to realize
polarons in ultracold gases. Here, the Feshbach resonance
allows for a high level of control and in particular for re-
alizing the strong-coupling regime, which could not be
done before. This gives access to interesting phenomena
such as self-localization and bubble formation. Moreover,
the interaction can be changed abruptly, which allows for
the investigation of the dynamics. Combined with the
possibility of direct imaging, this allows to view polaron
formation in position space, which is crucial for the phys-
ical intuition and interpretation of the time evolution.
The concept of polarons was originally invented by
Landau [1]. He showed that an electron in a crystal lat-
tice interacts with the surrounding atoms in such a way
that it can be described as a quasiparticle with a higher
effective mass, moving through free space. Describing the
lattice deformations induced by the electron as phonons,
the polaron can be imagined as an electron carrying a
cloud of phonons around it. A very similar picture arises
in ultracold bosonic gases: According to Bogoliubov the-
ory, the elementary excitations of a BEC are phonons as
well, so when an impurity is moving through the gas, the
situation is analogous to that of an electron in a crystal.
But in an ultracold gas, it is possible to tune the interac-
tion between the particles via a Feshbach resonance and
in particular to investigate the regime of strong coupling
between impurity and host bosons.
A number of different theoretical approaches has been
used to investigate different aspects of the Bose polaron.
In 1954, Fröhlich introduced a Hamiltonian which is com-
monly used to study polarons [2]. It can be recovered
from Bogoliubov theory with one further approximation
[3]. This was first done for ultracold gases in [4], where
the ground state properties were studied using a vari-
ational ansatz due to Feynman [5]. This ansatz works
well for all couplings in the original case of electrons in
a lattice, but in the ultracold gas, the regularization of
the contact interaction leads to errors when the coupling
becomes strong. This was discussed in [6] with Diagram-
matic Monte Carlo calculations. These give access to the
ground-state properties and are computationally inten-
sive but numerically exact and provide valuable bench-
marks for other methods. A coherent-state variational
ansatz originally due to Lee, Low and Pines (LLP) [7]
has been used to study dynamical properties [8, 9]. It
neglects entanglement in momentum space and is consid-
ered best for heavy impurities and weak couplings. More
quantum fluctuations have been taken into account by
a renormalization group technique for the ground state
[10, 11] and the dynamics [12] and by the correlated gaus-
sian wave function ansatz [13], as well as a Hartree-Fock-
Bogoliubov description [14]. There are some more works
related to the Fröhlich Hamiltonian [15–17]; for a review,
see [18]. The Bose polaron exhibits characteristic signa-
tures also at finite temperature [19, 20].
The interaction term in the Fröhlich Hamiltonian is,
however, just an approximation in the case of ultracold
gases and higher order terms become important in the
regime of strong coupling. This was first observed in
[21], where a T-matrix approximation was used (for a
real-time version, see [22]). Subsequently, a number of
approaches have been applied to the fully interacting
model within Bogoliubov theory [9, 23–26]. In the one-
dimensional case, some analytical results for heavy impu-
rities have been obtained [27] and phonon-phonon inter-
actions beyond Bogoliubov theory have been considered
[28].
Approaches not based on Bogoliubov theory are more
limited in number: Quantum Monte Carlo calculations
[29] provide exact ground states for a limited number of
parameters. Coupled Gross-Pitaevskii equations [30–32]
can describe the spatial deformation of the BEC and the
phenomena of self-localization and the bubble polaron
but work on a mean-field level. A variational approach
ar
X
iv
:1
81
0.
11
29
6v
2 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 1 
Fe
b 2
01
9
2which treats the molecular state as an independent quasi-
particle has been used to investigate three-body bound
states [25, 33]. In one dimension, the Bose polaron prob-
lem can be solved exactly in certain limiting cases [34]
and the general case has been addressed by related tech-
niques [35], but these methods do not carry over to three
dimensions.
Experimentally, Bose polarons in ultracold gases have
been observed with a focus on absorption spectra and
decoherence [36–40], for which some theoretical predic-
tions have been made. Direct imaging experiments on the
other hand are still in preparation and there have been
few theoretical results concerning the real space dynam-
ics of the bose polaron: the Monte Carlo calculations in
[29] include density profiles but only statically for ground
states while the Gross-Pitaevskii method in [32] consid-
ered a repulsive interaction. This is different from an
attractive interaction with a positive scattering length in
that it does not feature a bound state.
In this paper, we investigate the dynamics of polaron
formation when an initially non-interacting impurity is
quenched to an attractively interacting state. This situa-
tion has been studied before to compute radio-frequency
absorption spectra [8, 9] and, on the attractive side of
the Feshbach resonance, polaron trajectories [12], as well
as pre-thermalization dynamics [41]. Here, we focus on
two new aspects: We compute the density profile of the
BEC around the impurity as a function of time and thus
view the formation of the polaron in position space. This
can be directly measured with current imaging technolo-
gies, and corresponding experiments are in preparation.
On the other hand, we investigate the repulsive side of
the Feshbach resonance where the scattering length is
positive. Here, a two-body bound state exists and its
interplay with the polaron leads to new effects, in par-
ticular characteristic oscillations and a depletion of the
boson density in a halo around the impurity. These were
inaccessible to many previous works based on the Fröh-
lich Hamiltonian, which depends only on the modulus
of the scattering length and cannot describe the bound
states. Our study, instead, uses the extended Hamil-
tonian including higher-order terms in the interaction.
The dynamics are computed by applying a coherent-
state ansatz. We find oscillations on the repulsive side
of the Feshbach resonance which arise as a result of mul-
tiply bound states. This demonstrates the necessity to
use a truly many-body ansatz such as the coherent-state
ansatz.
The paper is organized as follows. In Sec. II, we review
the construction of the Hamiltonian and the variational
ansatz starting from Bogoliubov theory and discuss the
stationary solution. Section III contains the results for
the time evolution after a quench: we start with the case
of an impurity initially at rest and compute boson den-
sity profiles as well as the total number of bosons gather-
ing around the impurity. We then present an analytical
study that demonstrates the reason for the long-lived os-
cillations that occur on the repulsive side of the Feshbach
resonance and provide a way to compute their frequen-
cies. Finally, we investigate the influence of a non-zero
initial velocity and compute polaron trajectories.
II. MODEL
Our starting point is the Hamiltonian of a single im-
purity in a bath of bosons
H =
pˆ2I
2mI
+
∑
k
k2
2mB
a†kak
+
1
2V
∑
k,q,p
VBB (p) a
†
k+pa
†
q−pakaq
+
∫
d3xVIB (x− xˆI)nB (x)
wheremI andmB are the masses of impurity and bosons,
pˆI and xˆI the impurity momentum and position opera-
tors and a(†)k the bosonic creation and annihilation oper-
ators. nB(x) = a†xax is the boson density and VBB and
VIB are the boson-boson and impurity-boson interaction
potentials. Our derivation follows Shchadilova et al. [9].
Since we are dealing with just one impurity, it is con-
venient to go to relative coordinates. This is achieved by
the exact canonical transformation exp (iS) where
S = xˆI ·
∑
k
ka†kak .
It is known as the Lee-Low-Pines (LLP) transformation
[7], see also [3]. Its effect on the operators is
eiSpˆIe
−iS = pˆ−
∑
k
ka†kak , e
iSa†ke
−iS = eixˆI ·ka†k ,
eiSa†xe
−iS = a†x+xˆI , e
iSake
−iS = e−ixˆI ·kak .
Note that formally pˆ = pˆI , but we have dropped the in-
dex after the transformation since the physical meaning
is not the impurity but the total momentum. It is, of
course, conserved and can be replaced by the initial im-
purity momentum p0 such that the transformed Hamil-
tonian reads
HLLP =
(
p0 −
∑
k ka
†
kak
)2
2mI
+
∑
k
k2
2mB
a†kak
+
1
2V
∑
k,q,p
VBB (p) a
†
k+pa
†
q−paqak
+
∫
d3xVIB (x)nB (x) .
This transformation has simplified the interaction term
and replaced the impurity momentum by the difference
of total momentum and boson momentum. Here, fourth-
order terms in the boson operators appear unless the im-
purity is taken to be infinitely heavy, i.e., stationary. A
delocalized impurity thus induces effective interactions
between the bosons.
3Bogoliubov Theory
We use Bogoliubov theory which pre-supposes Bose-
Einstein-Condensation in the k = 0 mode and ap-
proximates the low-temperature behaviour by discard-
ing terms in 3rd and 4th order of boson operators with
k 6= 0. The resulting bosonic part of the Hamilto-
nian is diagonalized by the Bogoliubov transformation
b†k = cosh (ϕk) a
†
k − sinh (ϕk) a−k with exp (4ϕk) =
ξ2k2/(2 + ξ²k²) and the healing length
ξ =
1√
8piaBBn0
.
Up to a constant energy offset,
HBog =
(
p0 −
∑
k kb
†
kbk
)2
2mI
+
∑′
k
ωkb
†
kbk
+
∫
d3xVIB (x)nB (x)
with phonon dispersion
ωk =
k
2mBξ
√
2 + ξ²k² .
aBB and aIB are the scattering lengths of the poten-
tials VBB and VIB . Finally, n0 is the condensate den-
sity, which is a free parameter in Bogoliubov theory.
∑′
means that the sum runs over k 6= 0.
Contact interaction
In a dilute ultracold gas, the range of interactions is
small compared to all other length scales. The effect
of the interaction can therefore be described by a single
number, the scattering length, while the precise shape of
the potential does not matter and can be chosen arbitrar-
ily. The most convenient choice is a zero-range pseudopo-
tential. Taken literally, the Fourier transform of a delta
potential would correspond to a potential in momentum
space that is constant over an unbounded region, which
does not make sense. Instead, one constructs it as a scal-
ing limit, first cutting off all momentum sums at some
large Λ, and then tuning the interaction strength in the
limit Λ → ∞ such that the scattering length remains
fixed at the desired value. The correctly regularized in-
teraction strength is then given by∫
d3xVIB (x)nB (x) =
gIB
V
∑
k,q
a†kaq (1)
g−1IB = mred
(
1
2piaIB
− 2
V
Λ∑
k
1
k²
)
with mred being the reduced mass of impurity and
bosons, m−1red = m
−1
I +m
−1
B . Note that such a cutoff effec-
tively corresponds to an interaction with a non-zero range
of order 1/Λ. The cutoff Λ will be used implicitly in all
sums and integrals throughout the paper. Also note that
instead of a “hard” cutoff, one can also multiply the in-
tegrands by a decaying function such as exp
(−2k2/Λ2).
This leads to smoother results when the cutoff is not large
enough for perfectly converged behaviour.
In eq. (1), we still have to express the boson operators
ak by phonon operators bk. The result is∑
k,q
a†kaq =N0 +
√
N0
∑′
k
Wk
(
b†k + bk
)
+
∑′
k,q
cosh (ϕk + ϕq) b
†
kbq
+ sinh (ϕk + ϕq)
b†kb
†
q + bkbq
2
(2)
where Wk = exp (ϕk). Here, N0 = n0V is the number of
condensed bosons and we have approximated 〈0| Nˆ |0〉 ≈
N0, i.e. neglected the ground state depletion, which gives
a constant density shift [42] 1V 〈0| Nˆ |0〉−n0 =
√
2
12pi2 ξ
−3 ≈
0.01ξ−3.
Inserting (2) into HBog, we obtain the final Hamilto-
nian
H =
(
p0 −
∑′
k kb
†
kbk
)2
2mI
+
∑′
k
ωkb
†
kbk + gIBn0
+ gIB
√
n0
V
∑′
k
Wk
(
b†k + bk
)
+
gIB
V
∑′
k,q
cosh (ϕk + ϕq) b
†
kbq
+ sinh (ϕk + ϕq)
b†kb
†
q + bkbq
2
. (3)
The first two lines of (3) correspond to a Fröhlich
Hamiltonian, which is often used to study polarons. It
has also been used for polarons in ultracold gases, even
though for such systems the quadratic terms in the last
two lines of eq. (3) are present. The so obtained results
are still valid as long as the coupling between impurity
and host atoms is sufficiently weak. One needs to take
care however, that when using the Fröhlich Hamiltonian,
the regularized contact interaction gIB may not be used
and needs to be replaced by the result from the Born ap-
proximation gFrIB = 2piaIB/mred. Near the Feshbach reso-
nance, the quadratic terms become important as pointed
out in [9, 21, 24, 25].
Coherent state ansatz
Also by Lee, Low and Pines [7], a variational ansatz for
the Fröhlich model was suggested, which approximates
the ground state by a coherent state. In the limit of in-
finitely heavy impurities, this ansatz becomes exact. In
4[8], a time dependent version of this ansatz has been ap-
plied to the Bose polaron described by a Fröhlich Hamil-
tonian. Subsequently, the same time-dependent ansatz
has been applied to the full Hamiltonian (3) in [9].
Specifically, one considers wave functions of the form
|α(t)〉 = exp
(
1√
V
∑′
k
αk(t)b
†
k − h.c.
)
|0〉
and projects the Schrödinger equation onto the subman-
ifold spanned by these functions. Equivalent to this pro-
jection is the stationarity of the functional∫
dtL(α(t), α˙(t)) :=
∫
dt 〈α| i∂t −H |α〉 .
with respect to the αk. Setting up the Euler-Lagrange
equations 1 ∂L∂αk − ∂∂t ∂L∂α˙k = 0 results in the following
differential equations, where we also took the limit V →
∞, replacing 1V
∑′
k by
∫
d3k
(2pi)3
:
iα˙k =
(
Ωk − k · pI [α]
mI
)
αk+WkC1[α]+iW
−1
k C2[α] (4)
where
Ωk =
k2
2mI
+ ωk
pI [α] = p0 −
∫
d3k
(2pi)
3 k |αk|2
C1[α] = gIB
√
n0 + gIB
∫
d3k
(2pi)
3 WkReαk
C2[α] = gIB
∫
d3k
(2pi)
3 W
−1
k Imαk .
The initial value αk(0) = 0, i.e., |α(0)〉 = |0〉, corresponds
to the situation of a quench from the phonon vacuum.
If the impurity is initially at rest, p0 = 0, then pI [α] =
0 for all times due to spherical symmetry. In this case,
the equation becomes R-linear and can be written in the
form(
Re α˙k
Im α˙k
)
=
(
0 H(2)
−H(1) 0
)(
Re
(
αk − α(s)k
)
Im
(
αk − α(s)k
)) (5)
with a constant offset α(s) (the stationary solution, see
below).
Our results are based on solving (4) numerically with
Verner’s 8th-order Runge-Kutta scheme [43], using the
julia language [44] and the DifferentialEquations.jl pack-
age [45]. In the p0 = 0 case, we also diagonalize the
matrix in (5) for comparison.
1 ∂
∂z
= 1
2
(
∂
∂Re z + i
∂
∂Im z
)
denotes a Wirtinger derivative, which
can be used instead of ∂
∂Re z and
∂
∂Im z .
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Figure 1. The three regimes of the coherent state ansatz,
exhibiting an attractive, unstable or repulsive polaron, sepa-
rated by the curves a−1− and a
−1
+ .
Stationary solution
Before turning to the dynamical solutions, it is in-
structive to look at the stationary solution obtained from
α˙k = 0 or equivalently
∂〈α|H|α〉
∂αk
= 0. One finds
α
(s)
k = −C1
Wk
Ωk − k·pImI
(6)
where C1 and pI are determined by the implicit equations
C1 =
√
n0
(
g−1IB +
∫
d3k
(2pi)
3
W 2k
Ωk − k·pImI
)−1
pI = p0−C21
∫
d3k
(2pi)
3 k
W 2k(
Ωk − k·pImI
)2 .
Note that these quantities are UV convergent: For large
k, one hasW 2k = 1+O(k−2) and Ωk = k
2
2mred
+O(1). The
C1-integrand is thus 1Ωk +
k·pI
Ω2kmI
+O(k−4). The first term
cancels with the divergence of g−1IB , the second vanishes by
antisymmetry. The momentum integrand is k
Ω2k
+O(k−4)
and again, the first term is antisymmetric.
The integrals exist if and only if pI/mI < c, i.e., the
stationary impurity velocity must always be below the
speed of sound c = 1/
√
2mBξ. For too large initial mo-
menta, no stationary solution exists (the same is true
in the Fröhlich model where C1 = 2piaIB
√
n0/mred is a
constant, see [8]).
In the special case p0 = 0, one obtains pI = 0,
C1 =
√
n0
mred
2pi
(
a−1IB − a−1+
)
and the stationary energy
E(s) =
n0
mred
2pi
(
a−1IB − a−1+
) .
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Figure 2. Time series of density profiles of the bosonic bath. r is the distance from the impurity. The densities are relative to
the phonon vacuum state |0〉. The last row shows the long-time asymptotics as well as the stationary solution (6) (black dotted
line). In the repulsive case, the system keeps oscillating between the two limit curves that are shown. Calculations were carried
out at a gas parameter of n0a3BB = 10−5, equal masses of bosons and impurity mB = mI and with the impurity initially at
rest, p0 = 0. A soft momentum cutoff e−2k
2/Λ2 with Λ = 80ξ−1 was used.
Here, a+ is one of two critical scattering lengths defined
by
a−1± =
2pi
mred
∫
d3k
(2pi)
3
(
2mred
k2
− W
±2
k
Ωk
)
,
which satisfy a− < 0 < a+. They were found in [23] and
delimit three regions of different stability of the station-
ary solution. This will be reflected in the convergence
behaviour of observables in our dynamical analysis:
1. a−1IB < a
−1
− : The stationary point is a minimum,
observables converge. This is the region where the
attractive Bose polaron is expected to form.
2. a−1− < a
−1
IB < a
−1
+ : The stationary point behaves
like a saddle point, the system is dynamically un-
stable. This is well understood as coming from
phase fluctuations growing without bounds [23].
This behaviour is unphysical and means that the
approach cannot cover very strong couplings.
3. a−1+ < a
−1
IB : The stationary point behaves like a
maximum, observables are oscillating. In this re-
gion, the stationary solution is usually interpreted
as a repulsive polaron due to its positive energy,
6while at negative energies, a molecular state is ex-
pected. We will explain the reason for these oscil-
lations and provide an estimate of the frequency.
In Fig. 1 we show how the boundaries of the three regimes
change with the reduced mass. For the case of light im-
purities, mred → 0, the unstable region grows. Here,
quantum fluctuations become especially important as the
impurity is delocalized.
Applicability of the method
Two approximations were involved in the derivation.
The Bogoliubov approximation neglects third and
fourth order terms in the Bose-Bose interaction of non-
condensed modes. This is justified if most of the particles
are condensed since then, the coupling of excited to con-
densed modes outweighs the coupling between different
excited modes.
The coherent state ansatz, on the other hand, is a prod-
uct state ansatz and as such, it neglects correlations be-
tween different phonon modes. This is as well justified if
the number of excited particles is small. Note that the co-
herent state ansatz is closely related to Gross-Pitaevskii
theory since it corresponds to a replacement of a quan-
tum field with a classical field and a coherent state in
momentum space is equivalent to one in real space.
In a weakly interacting Bose gas without an impurity,
the condensate depletion is indeed very small. If the
impurity is added, there is, however, the unstable region
in which the theory predicts attraction of an unlimited
number of bosons. In reality, fourth order terms in the
Bose-Bose interaction would prevent this. Both in the
attractive and repulsive regimes, however, the number
of bosons attracted by the impurity will remain on the
order of only one to ten, as we show below, such that the
theory is valid here.
For an estimate of the time scale on which the results
can be trusted, observe that beyond Bogoliubov theory,
the decay time of phonons due to phonon-phonon inter-
actions is proportional to the inverse square root of the
gas parameter: τ ∼ (n0a3BB)−
1
2
mBξ
2
~ ≈ 300mBξ
2
~ for a
typical gas parameter of n0a3BB = 10
−5, where the pref-
actor depends on the number of excited modes. We find
below that all interesting effects occur for short times
up to 10mBξ
2
~ . For these times the beyond-Bogoliubov
corrections are negligible even for local boson excitation
numbers of order 10.
III. RESULTS
A. Time evolution of density profiles
Fourier transforming the numerical solution of (4) back
to position space, we can compute the boson density at
distance r from the impurity. More precisely, since the
impurity is itself a quantum particle, the quantity to con-
sider is correlation function
n(x) = 〈nˆB(xˆI + x)〉
= 〈nˆB(x)nˆI(x)〉 (original frame)
n(x) = 〈nˆB(x)〉 . (LLP frame)
Expressing the boson density by phonon operators and
applying the variational ansatz, n(x) takes the following
form in terms of the coefficients αk:
n(x) =
(√
n0 + ReF−1 (αW ) (x)
)2
+
(
ImF−1
(
αW−1
)
(x)
)2 (7)
where F−1f(x) =
∫
d3k
(2pi)3 e
ik·xf(k) denotes the transfor-
mation to position space.
Figure 2 shows the results for the three different
regimes:
1. Attractive regime: Bosons are gathering around
the impurity and the profile quickly converges to
form the attractive Bose polaron. The final shape
matches precisely that of the stationary solution.
2. Unstable regime: The impurity keeps pulling in
more and more bosons. As mentioned before, this
unphysical behaviour reflects the failure of the Bo-
goliubov approximation when interactions are too
strong. Including phonon interactions, i.e., higher-
order terms in the bosonic operators ak, might pre-
vent this.
3. Repulsive regime: Close to the impurity, the boson
density is strongly increased but there is a halo of
reduced density around it. There is no convergence
to a ground state profile, but instead, the solution
keeps oscillating between two states of the coupled
system of impurity and surrounding condensate: At
some times, the bath is completely depleted at a
certain distance while at other times, there is still
about half the original density left.
Comparing these results with the quantum Monte Carlo
calculations of the ground state profile in [29], the re-
sults are qualitatively similar, even though quantita-
tively slightly different (our parameters correspond to
aIB/aBB = −20.94, ∞ and 20.94).
The complete depletion is a feature that is present even
in the stationary solution and for all scattering lengths
above a+: Since α(s) is real, the last term in (7) vanishes
and one can always find an r so that the first term van-
ishes as well. The length scale on which the depletion
takes place is given by the scattering length, as shown
in Fig. 3. This is not surprising since this is the scale of
the two-body bound state. The return to the condensate
density then happens on the order of the healing length
(not shown in the figure).
7Figure 3. Stationary density profiles for a−1IB > a
−1
+ . The
point of minimum density is at the distance of the impurity-
boson scattering length aIB . Parameters are as in Fig. 2
except that Λ = 600ξ−1 (to ensure aIB  Λ−1 even for weak
coupling).
B. Boson Number
From the momentum space coefficients, we can com-
pute the total change in the number of bosons. This is
not zero because the Bogoliubov theory does not pre-
serve particle number. It can be seen as a measure of
how many particles the impurity attracts in total. The
formula is
∆NB(t) = 〈ψ(t)|
∑
k
nk |ψ(t)〉 − 〈0|
∑
k
nk |0〉
=
∫
d3k
(2pi)3
(
cosh(2ϕk) |αk|2 +
sinh(2ϕk)Reαkα−k
)
.
Results are shown in Fig. 4a. The characteristics of the
three regimes - convergence, unbounded growth and os-
cillations - are clearly visible. Note that in the repulsive
case, the maxima of the boson number correspond to the
more extreme density profiles, i.e., those with full deple-
tion. Doing the same computations for many different
scattering lengths, we arrive at Fig. 4b. As the critical
scattering lengths a+ and a− are approached from the
attractive or repulsive regime, the total boson number
grows rapidly as well as the time to convergence. In the
figure, this is indicated by the fact that in these areas, the
curves are still washed out, therefore not yet converged.
C. Discussion of the repulsive regime
The presence of oscillations that do not decay is sur-
prising to the physical intuition, given that the two-
particle problem features only one bound state and a
continuum of scattering states and one may wonder if
this an artifact of one of the approximations involved. In
[24], decaying oscillations were predicted instead by ap-
plying a trial wave function of one impurity and at most
one phonon excitation. In [9], this was contrasted with
the same approach that we use in this paper and which
predicts stable oscillations. These were interpreted as
ocurring between a many-body polaron branch and few-
body bound states. Here, we take a different point of
view and claim that the repulsive polaron branch plays
no role. Instead, these oscillations occur between differ-
ent multiply bound states. This is a new feature of the
Bose polaron in contrast to the Fermi polaron, where the
bound state can be occupied at most once.
We demonstrate this by considering the simplified case
of an infinitely heavy impurity in a non-interacting BEC.
But we emphasize that the latter restriction is not nec-
essary and undamped oscillations occur even in an ex-
act solution of the full Bogoliubov-impurity Hamiltonian.
This is shown in appendix A. Here, we restrict to the non-
interacting case, since the expressions are much simpler
and the basic mechanism stands out clearer, which is the
same with and without Bose-Bose interactions.
For the situation considered here, the following
Hamilonian is exact (in the thermodynamic limit, to jus-
tify the substitution of a0, a
†
0 with
√
n0):
H =
∑′
k
k2
2mB
a†kak+gIB
√
n0
V
(
a†k + ak
)
+
gIB
V
∑′
k,q
a†kaq
The quadratic part can be easily diagonalized and yields
the two-body spectrum. Even though it has only one
bound state, above Hamiltonian can lead to stable oscil-
lations in observables. This is surprising from the two-
body point of view where a single eigenstate is coupled
only to the continuum, such that oscillations dephase.
The difference lies in the linear terms in the Hamiltonian,
which lead to a shift of the creation and annihilation op-
erators. Assume we have diagonalized the quadratic part
in terms of new operators cE = AEkak, i.e. switched to
the basis of two-body eigenstates:
H =
∑
E
Ec†EcE + EvEc
†
E + EvEcE
for some AEk and vE . The linear terms can be eliminated
by the shift dE = cE + vE :
H =
∑
E
Ed†EdE + const.
This shift leads to a transformation of both the initial
state |0〉 = |0〉c and observables, for instance the total
particle number:
|0〉c = exp
(∑
E
vEd
†
E − vEdE
)
|0〉d
Nˆ =
∑
E
c†EcE =
∑
E
(d†E − vE)(dE − vE) .
8Figure 4. The total number of bosons as function of scattering length and time. (a) For three different couplings. (b) For a
range of couplings. For each time point up to tmax = 60mBξ², a low-opacity point is drawn. Where many points are on top of
each other due to convergence or recurrence, this region becomes more opaque. Parameters are as in Fig. 2, except that in (b)
a hard momentum cutoff at Λ = 20 was used.
The time evolution of this operator is easily computed in
the Heisenberg picture:
Nˆ(t) =
∑
E
(
eiEtd†E − vE
)(
e−iEtdE − vE
)
.
Now, if the quadratic part of the Hamiltonian has one
bound state and a continuum of scattering states—as is
the case in the repulsive regime—the continuum part E >
0 will dephase but oscillations with the frequency of the
bound state energy remain at long times:
c 〈0| Nˆ(t) |0〉c =
∑
E
2|vE |2(1− cos(Et))
t→∞−−−→ 2|vEB |2(1− cos(EBt)) +
∑
E>0
2|vE |2
where EB = −1/2mreda2IB .
As we demonstrate in appendix A, including Bose-Bose
interaction within Bogoliubov theory does not destroy
this mechanism, since the linear terms are still present
while the quadratic terms can be diagonalized by means
of a generalized Bogoliubov transformation. On the other
hand, third and fourth order terms beyond Bogoliubov
theory would likely lead to a damping of the oscillations.
But importantly, this damping rate is determined entirely
by properties of the BEC while the oscillation frequency
is determined by the impurity-boson interaction. In ex-
periments, these two time scales can be controlled inde-
pendently and for weak Bose-Bose interactions, they will
be well distinguishable.
In this sense, we predict a damping reminiscent of the
few-body calculations [24], but for a different reason and
on different time scales: In an ansatz with at most one
phonon, the bound state couples only to the continuum
and rapidly dephasing oscillations are obtained. In an
ansatz allowing an arbitrary number of excitations, co-
herent bound states can be formed which decay only
slowly because of Boson-Boson interactions.
This argument also shows that while our approach
(and the Bogoliubov approximation in general) is ex-
pected to be valid for all times on the attractive side
of the Feshbach resonance, it is valid on the repulsive
side only as long as the damping has not set in, which is,
however, a large time scale for a weakly interacting Bose
gas.
D. Oscillation Frequencies
In the case of an impurity initially at rest, the frequen-
cies of the oscillations in the repulsive regime can be pre-
dicted by making an ansatz for the long-time solution.
The coefficients C1 and C2 from the differential equa-
tion (4) show the same qualitative behaviour as the other
observables: convergence, divergence or oscillations, ac-
cording to the regime. We therefore make an asymptotic
ansatz
C1 =
∑
λ
Aλe
λt
C2 =
∑
λ
Bλe
λt
where the coefficients λ can take finitely many complex
values with Reλ ≥ 0. This covers all of the three cases:
convergence if only λ = 0 is present, exponential growth
if a λ > 0 exists and oscillations for imaginary λ. The
case Reλ < 0 would be interesting as well to describe
the speed of convergence, but the restriction to Reλ ≥ 0
will prove necessary for the calculation. Since C1 and C2
are real, we must have Aλ = Aλ and Bλ = Bλ (the bar
denotes complex conjugation).
Our aim is to derive conditions on λ to be able to pre-
dict the exponential growth rate or oscillation frequency
of the physical observables. We thus insert the ansatz
into the differential equation (4) with pI [α] = 0 and find
the solution
9αk(t) = ske
−iΩkt +
∑
λ
bkλe
λt
with the coefficients
bkλ = −WkAλ + iW
−1
k Bλ
Ωk − iλ
and unknown sk, which depend on the full history of the
time evolution.
This ansatz solves the projected Schrödinger equation
asymptotically only if the values of λ are restricted to
either λ = 0 or the solutions of the implicit equation(
∆+ − λ2
∫
d3k
(2pi)3
W 2k
Ωk(Ω2k + λ
2)
)
×
(
∆− − λ2
∫
d3k
(2pi)3
W−2k
Ωk(Ω2k + λ
2)
)
=− λ2
(∫
d3k
(2pi)3
1
Ω2k + λ
2
)2
(8)
where we abbreviated
∆± :=
µ
2pi
(
a−1IB − a−1±
)
.
The detailed derivation is reported in appendix B. It con-
tains also a discussion of the case λ2 < 0, where principal
value integrals have to be used.
Solving (8) numerically for different parameters, we
find that it has
1. no solution in the attractive regime, so only λ = 0
is possible here;
2. one solution for positive real λ2 in the unstable
regime;
3. one solution for negative real λ2 in the repulsive
regime.
These values give predictions of the exponential growth
rate or frequency, respectively, which are in perfect agree-
ment with the numerical simulations.
Figure 5 shows λ over a range of different scattering
lengths. In the last section, we have shown that for
an infinitely heavy impurity in a non-interacting BEC,
the oscillation frequency is given by the energy of the
two-body bound state, 1/2mreda2IB . We find that this is
still a very good approximation for the general case away
from the resonance, i.e. in the repulsive region where our
theory applies. In particular, the frequency depends only
on quantities of the impurity-boson scattering problem.
Only close to the resonance, deviations become visible.
Here, the many-body environment leads to a shift of the
bound state energy and consequently, the oscillation fre-
quency starts to depend on properties of the BEC as
well.
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Figure 5. Predictions for exponential growth rate Reλ (dash-
dotted line) and oscillation frequency Imλ (solid line) in the
long-time limit for the unstable and repulsive regime. The
oscillation frequency is well approximated by 1/2mreda2IB , the
energy of the two-body bound state. As the small figures
show, this remains true for different mass ratios (note the
difference in vertical scale). Parameters are as in Fig. 2 with
a hard momentum cutoff at Λ = 1000ξ−1.
E. Moving Impurity
We now turn to the case where the impurity has an
initial velocity v0 = p0/mI . This case has been in-
vestigated for the Fröhlich Hamiltonian in [8] using the
coherent-state variational ansatz and in [12] with a time-
dependent renormalization group method. In the latter
reference, also the full Hamiltonian was investigated on
the attractive side of the Feshbach resonance and it was
argued that in this case, the second order terms lead only
to a shift of the inverse scattering length. On the repul-
sive side, this is not true since the Fröhlich Hamiltonian
cannot describe molecule formation.
In Fig. 6 we show the time evolution of the impu-
rity velocity vI(t) = v0 − 1mI
∫
d3k
(2pi)3
k |αk|2 and posi-
tion xI(t) =
∫ t
0
vI(t
′)dt′ (according to Ehrenfest’s theo-
rem). In the attractive regime, the behaviour is simple:
If the total momentum is not too high, it converges to
a non-zero final value, which agrees with the stationary
solution. (Note that a slow-down of the impurity even
when its velocity is already below the speed of sound
does not contradict Landau’s theory, which makes pre-
dictions for the stationary state. Here, the quench into
a far-from equilibrium state introduces enough interac-
tion energy to excite phonons even when the impurity
is slower than the speed of sound.) This matches the
picture of a polaron with an increased effective mass. If
the total momentum is too large such that no station-
ary solution exists, the velocity converges to the speed
of sound. Note, however, that close to the resonance,
it has been predicted that quantum fluctuations beyond
the coherent-state ansatz lead to an enhanced damping
or even recoil effects, cf. [12].
On the repulsive side, the behaviour is different: the
velocity is oscillating with the same frequency as the den-
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Figure 6. Time evolution of velocity and position of the impurity for one attractive and two repulsive scattering lengths. In
the velocity plots, the curves for v0 = 1.0c and v0 = 0.2c lie on top of each other. Parameters are as in Fig. 2 with a soft cutoff
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sity profile and boson number. Indeed, the velocity is
smallest when the boson number is largest, which corre-
sponds to a high effective mass of the impurity. The effect
is most striking close to the critical scattering length a−1+ :
Here the impurity velocity quickly reaches zero but has
periodic revivals.
On both sides of the resonance, the initial velocity does
not matter much as long as it is below or close to the
speed of sound: it leads only to a rescaling of the veloc-
ity at later times. This is also reflected in the density
profiles (Fig. 7), which are still symmetric around the
impurity. Above the speed of sound, however, the num-
ber of attracted bosons is increased, leading to a faster
decay of the velocity. The density profiles now become
asymmetric with some depletion in front of the impurity.
IV. DISCUSSION
We investigated the dynamics of polaron formation in
a BEC after a quench, focusing on real space density
profiles and the behaviour for positive scattering lengths.
These could not be investigated in previous works that
used the Fröhlich Hamiltonian.
We found that three regions of qualitatively different
behaviour exist, where the strong-coupling region is un-
stable, as expected from the stationary analysis in [23].
The fact that the instability persists even in the limit of
heavy impurities is a hint that Bogoliubov theory is not
adequate to investigate the strong-coupling regime: the
deformation of the BEC is too important for the Bogoli-
ubov approximation to hold. Our results are thus most
reliable away from this critical region.
For positive scattering lengths, oscillations can be ob-
served in the expectation values of many observables and
we presented a way to compute their frequency. For an
infinitely heavy impurity in a non-interacting BEC, it
is exactly given by the energy of the two-body bound
state, 1/2mreda2IB , while for the general case, this is still
a very good approximation. In contrast to the case of
the Fermi polaron, these oscillations do not dephase due
to coupling to the continuum because they occur in a co-
herent bound state. Nevertheless, Bose-Bose interactions
beyond Bogoliubov theory likely lead to damping, but on
an independent time scale, that is determined by proper-
ties of the BEC only. In the experimentally relevant case
of a weakly interacting BEC, it will be slow and many
oscillations are expected to be observable. A quantita-
tive estimate is, unfortunately, not possible from within
the theory and requires beyond-Bogoliubov methods.
Remarkably, these oscillations are present even in the
impurity velocity, leading to striking “stop-and-go” po-
laron trajectories. The effect is most pronounced for
strong coupling when oscillations are slow compared to
the velocity relaxation: Here the position is advanced in
steps. It will be interesting to see if this can be observed
in experiments.
In position space, the positive scattering length leads
to a halo of reduced condensate density around the im-
purity, whose size corresponds to a scattering length and
is independent of the mass. This is a version of a bubble
polaron, where the impurity has, however, still a core of
increased density around it and the profile oscillates in
intensity. At certain times, the depletion is even perfect,
which was not visible in ground state calculations [29].
Experimentally, the spatial structure of the Bose po-
laron could be either detected by direct imaging on a scale
of aIB . Alternatively, both the impurity RF spectra and
Ramsey spectroscopy of the contrast [46] are sensitive to
oscillations in the local density. In the case of a 6Li im-
purity in a BEC of 133Cs atoms [47], typical parameters
are on the order of n0a3BB = 1.5 · 10−5, aIB = 100nm
and aBB = 8nm. The time scale of the oscillations is
then 2pi 2mreda
2
IB
~ ' 10µs. On the other hand, the time
scale of phonon decay due to beyond-Bogoliubov terms
is a subleading effect of order of (n0a3BB)
− 12 slower than
the BEC time scale mBξ
2
~ and therefore of order 10ms
for typical parameters. We therefore expect that a large
number of oscillations can be observed.
It will be interesting for future work to investigate how
the system behaves for strong coupling where the coher-
ent state ansatz becomes unstable. However, suitable
techniques still have to be developed. Within Bogoliubov
theory, the so-called correlated gaussian wave functions
are a promising way since they should become exact in
the limit of heavy impurities. On the other hand, it will
be important to find out in which region Bogoliubov the-
ory is not reliable any more and how the system can be
described in this region.
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Appendix A: Undamped oscillations in Bogoliubov
Theory
In the main text, we have shown that an infinitely
heavy impurity in a non-interacting BEC is subject to
undamped oscillations due to the presence of coherently
bound states. Here, we argue that this remains true if
Bose-Bose interactions are included within Bogoliubov
approximation, i.e., up to second order in the boson op-
erators with non-zero momentum. Consequently, any de-
cay of oscillations that one may physically expect can
only be due to beyond-Bogoliubov terms. Since these
are proportional to the Bose-Bose coupling strength gBB ,
the time scale of the decay will be given by properties of
the BEC only. In this appendix we go beyond the rest of
the paper in that we do not restrict the Hilbert space to
coherent states but consider the exact dynamics of the
Bogoliubov theory.
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The Hamiltonian reads
HBog =
∑′
k,q
[(
k2
2mB
+ gBBn0
)
δk,q +
gIB
V
]
a†kaq
+gBBn0
∑′
k
a†ka
†
−k + aka−k
+gIB
√
n0
V
∑′
k
a†k + ak
after substituting a0, a
†
0 →
√
n0 and dropping third and
fourth order interaction terms but before applying the
Bogoliubov transformation.
The first two lines, i.e., the quadratic parts, can be
diagonalized by a generalized Bogoliubov transformation,
see [27]. (In this reference, the transformation is applied
on top of the usual Bogoliubov transformation. We found
it simpler to use only one transformation in total.) This
defines new Bogoliubov quasiparticle operators c:
cE = AEkak +BEka
†
k
ak = CkEcE +DkEc
†
E
where
CkEAEq +DkEBEq = δkq
CkEBEq +DkEAEq = 0 ,
such that
HBog =
∑
E
Ec†EcE + EvEc
†
E + EvEcE . (A1)
The values of E can be thought of as two-body energies
that are shifted by the presence of the many-body en-
vironment. Our analysis is not rigorous in that we do
not prove the existence of such a transformation—while
one will be able to find matrices A and B such that (A1)
holds, the real question is if the so defined operators c
admit a vacuum state |0〉c with cE |0〉c = 0 for all E. We
expect that this is the case at least outside the unsta-
ble region and that one eigenstate with negative energy
exists on the repulsive side, c.f. [27]. In fact, above trans-
formation might also be non-unitary, but in this case, an
analogous expression to (A1) holds after transforming to
a non-orthogonal basis, which poses no problem.
As for the non-interacting case, the Hamiltonian is of
the form
H =
∑
E
d†EdE + const.
for shifted quasi-particles dE = cE+vE . This allows us to
compute the time-evolution of the Boson operators a by
writing them in terms of d, applying the time evolution
operator, and writing the result again in terms of a. We
obtain
eiHtake
−iHt =
∑
E,q
CkE
(
AEqaq +BEqa
†
q
)
e−iEt
+DkE
(
AEqa
†
q +BEqaq
)
eiEt
+CkEvE
(
e−iEt − 1)
+DkEvE
(
eiEt − 1) .
Again, the continuum part dephases in the long-time
limit, leaving only terms with E = E′B where E
′
B is
the negative energy eigenvalue in (A1). As for the non-
interacting case, the time-evolution does not just lead
to an oscillating overall phase, but to terms of the form(
e−iEt − 1) that remain visible as interferences in the
expectation values of observables. Moreover, terms with
exp(−iEt) can combine to give oscillations with a fre-
quency of 2E′B . These might, of course, be rather small
in amplitude for a weakly interacting Bose gas. Crucially,
the inclusion of Bose-Bose interactions in Bogoliubov ap-
proximation has not led to a damping of the oscillations
already present in the non-interacting case, but only to
a frequency shift EB → E′B .
Appendix B: Derivation of the Oscillation
Frequencies
In this appendix, we derive equation (8) for the oscil-
lation frequencies in the repulsive regime and discuss its
poles for λ2 < 0. This is done by finding the asymptotic
solutions of the projected Schrödinger equation (4).
As already stated in the main text, we use the ansatz
C1 =
∑
λ
Aλe
λt
C2 =
∑
λ
Bλe
λt
with finitely many complex λ, subject to the condition
Reλ ≥ 0. The prefactors must fulfill Aλ = Aλ and Bλ =
Bλ to ensure that C1 and C2 are real. Inserting into (4)
yields
αk(t) = ske
−iΩkt +
∑
λ
bkλe
λt .
The coefficients λ are fixed by
bkλ = −WkAλ + iW
−1
k Bλ
Ωk − iλ
while the sk depend on the full history of the system and
are therefore not determined by the asymptotic solution.
Re-inserting the expression for α into the definitions of
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C1 and C2 leads to∑
λ
Aλe
λt =gIB
√
n0
+gIB
∫
d3k
(2pi)3
Wk Re
(
ske
−iΩkt +
∑
λ
bkλe
λt
)
∑
λ
Bλe
λt =gIB
∫
d3k
(2pi)3
W−1k Im
(
ske
−iΩkt +
∑
λ
bkλe
λt
)
.
(1)
These equations should be regarded only as determin-
ing the solution asymptotically because the integrals over
e−iΩkt will decay while no finite sum of exponentials eλt
with all Reλ ≥ 0 can ever be decaying. But since we are
interested in the long-time limit, we can ignore the os-
cillatory integrals. The need to drop these terms simply
reflects the fact that a system never exactly reaches its
asymptotic solution but only comes arbitrarily close.
We want to use the linear independence of eλt with
different λ, but first, the Re and Im need to be expanded
as 2Re
∑
λ bkλe
λt =
∑
λ(bkλe
λt + bkλe
λ¯t) =
∑
λ(bkλ +
bkλ)e
λt and similarly for Im . We then find
λ = 0 : A0 = gIB
(√
n0 +
∫
d3k
(2pi)3
WkRe bk0
)
B0 = gIB
∫
d3k
(2pi)3
W−1k Im bk0
λ 6= 0 : 2Aλ = gIB
∫
d3k
(2pi)3
Wk
(
bkλ + bkλ
)
2iBλ = gIB
∫
d3k
(2pi)3
W−1k
(
bkλ − bkλ
)
.
Recall that Aλ and Bλ need not be real even though the
sums in (1) are. Also note that these equations would
not be true for Reλ < 0 because the oscillating integrals
could not be ignored.
Using the expressions for bkλ and the relations
g−1IB +
∫
d3k
(2pi)3
W±2k
Ωk
=
µ
2pi
(
a−1IB − a−1±
)
=: ∆±
we arrive at
λ = 0 : A0 =
√
n0
∆+
B0 = 0
λ 6= 0 : Aλ
(
∆+ − λ2
∫
d3k
(2pi)3
W 2k
Ωk(Ω2k + λ
2)
)
= λBλ
∫
d3k
(2pi)3
1
Ω2k + λ
2
Bλ
(
∆− − λ2
∫
d3k
(2pi)3
W−2k
Ωk(Ω2k + λ
2)
)
= −λAλ
∫
d3k
(2pi)3
1
Ω2k + λ
2
.
Written in this way, all integrals are UV convergent. Multiplying the last two equations finally leads to equation (8)
for λ2, independent of Aλ and Bλ:(
∆+ − λ2
∫
d3k
(2pi)3
W 2k
Ωk(Ω2k + λ
2)
)(
∆− − λ2
∫
d3k
(2pi)3
W−2k
Ωk(Ω2k + λ
2)
)
= −λ2
(∫
d3k
(2pi)3
1
Ω2k + λ
2
)2
. (2)
The case of λ2 < 0
In the above expressions, many of the integrals do in
fact not exist if λ is purely imaginary since the integrands
have a pole at k = kc in this case. What does exist,
however, are the Cauchy principal value (PV) integrals
P
∫ Λ
0
. . . = lim
→0
(∫ kc−
0
. . .+
∫ Λ
kc+
. . .
)
.
Such integrals are not invariant under coordinate trans-
formations because the way in which the pole is ap-
proached is crucial, so it is not immediately clear how to
make sense of (2) for negative λ2. This becomes clearer
if, instead of making an ansatz for an asymptotic solu-
tion, one considers the time evolution operator in (5).
In fact, the product H(2)H(1) determines the dynamics
completely, so it is sufficient to compute its spectrum.
One obtains, once again, equation (2), where now λ2 are
the eigenvalues of H(2)H(1). But in the case λ2 < 0, one
finds that (2) must hold with the integrals replaced by
PV integrals in any choice of coordinates, as long as the
same is used in all three integrals. Therefore, a coordi-
nate transformation will change the value of the individ-
ual integrals, but when it is applied to all of them, the
equation must stay true.
As stated in the main text, one finds no solution in
the attractive regime and one solution in the unstable
14
and repulsive regime. Using PV integrals in a particular
choice of coordinates, one may find a second solution in
the two latter cases, but they are not valid because they
change when different coordinates are used. The valid
solution is therefore unique and leads to figure 5.
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